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1. Introduction
In this paper we consider the following integrable two-component Camassa–Holm shallow water
system:
{
mt + 2uxm + umx + σρρx = 0, t > 0, x ∈R,
ρt + (uρ)x = 0, t > 0, x ∈R, (1.1)
where m = u − uxx , σ = ±1. Eq. (1.1) was recently derived by Constantin and Ivanov [17] in the
context of shallow water theory. The variable u(x, t) describes the horizontal velocity of the ﬂuid and
the variable ρ(x, t) is in connection with the horizontal deviation of the surface from equilibrium,
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the gravity acceleration points upwards [17]. Eq. (1.1) with σ = −1 was originally proposed by Chen
et al. in [6] and Falqui in [30]. Eq. (1.1) with σ = −1 is identiﬁed with the ﬁrst negative ﬂow of the
AKNS hierarchy and has peakon and multi-kink solutions [6]. The extended N = 2 supersymmetric
Camassa–Holm equation was presented recently by Popowicz in [39]. The mathematical properties of
Eq. (1.1) have been studied in many works cf. [6,17,27,33].
For ρ ≡ 0, Eq. (1.1) becomes the Camassa–Holm equation, modeling the unidirectional propagation
of shallow water waves over a ﬂat bottom. Here u(t, x) stands for the ﬂuid velocity at time t in the
spatial x direction [4,20,26,32,34,35]. The Camassa–Holm equation is also a model for the propagation
of axially symmetric waves in hyperelastic rods [23,24]. It has a bi-Hamiltonian structure [7,31] and
is completely integrable [4,9]. Also there is a geometric interpretation of Eq. (1.1) in terms of geodesic
ﬂow on the diffeomorphism group of the circle [19,36]. Its solitary waves are peaked [5]. They are
orbitally stable and interact like solitons [1,22]. The peaked traveling waves replicate a characteristic
for the waves of great height – waves of largest amplitude that are exact solutions of the governing
equations for water waves cf. [10,16,41]. Recently, it was claimed in the paper [37] that the equation
might be relevant to the modeling of tsunami, see also the discussion in [18].
The Cauchy problem and initial–boundary value problem for the Camassa–Holm equation have
been studied extensively [12,13,25,28,29,38,40,44]. It has been shown that this equation is locally
well-posed [12,13,25,38,40] for initial data u0 ∈ Hs(R), s > 32 . More interestingly, it has global strong
solutions [8,12,13] and also ﬁnite time blow-up solutions [8,11–13,15,25,38,40]. On the other hand,
it has global weak solutions in H1(R) [2,3,14,21,43]. The advantage of the Camassa–Holm equation
in comparison with the KdV equation lies in the fact that the Camassa–Holm equation has peaked
solitons and models wave breaking [5,11] (by wave breaking we understand that the wave remains
bounded while its slope becomes unbounded in ﬁnite time [42]).
For ρ ≡ 0, the Cauchy problems of Eq. (1.1) with σ = −1 and with σ = 1 have been discussed
in [27] and [17], respectively. The aim of this paper is to study further global existence and blow-up
phenomena of Eq. (1.1) with σ = 1. A new global existence result and several new blow-up results
of strong solutions to Eq. (1.1) with σ = 1 are presented. The obtained results are sharp and improve
considerably the recent results in [17].
By using a continuous family of diffeomorphisms of the line [17,27], we ﬁrst obtain a useful con-
servation law and an a priori estimate. Then using the obtained a priori estimate and delicate analysis,
we obtain a new global existence result that is sharp and improves considerably the recent result
in [17].
Based on the steepening lemma developed in [11] and a useful conservation law, we present a
blow-up result for strong solutions to Eq. (1.1) with σ = 1 provided the slope of the initial component
u0 is negative large enough. By the conservation of symmetry of the solution to Eq. (1.1) with σ = 1,
we obtain two quite delicate blow-up results for strong solutions to Eq. (1.1) with σ = 1 provided
initial data is a pair of odd and even components and the slope of the initial component u0 satisﬁes
some certain conditions.
The paper is organized as follows. In the second section we recall the initial value problem for
Eq. (1.1) with σ = 1. In the third section we present a new global existence result of strong solutions
to Eq. (1.1) with σ = 1. In the fourth section we give three new blow-up results of strong solutions to
Eq. (1.1) with σ = 1.
Notation. In the following, we denote by ∗ the spatial convolution. Given a Banach space Z , we
denote its norm by ‖ · ‖Z . Since all spaces of functions are over R, for simplicity, we drop R in our
notations of function spaces if there is no ambiguity.
2. Preliminaries
In this section, we will recall the local well-posedness for the Cauchy problem of Eq. (1.1) with
σ = 1 in Hs(S), s  2, the precise blow-up scenarios for strong solutions to the system, and two
useful lemmas which will be used in the sequel.
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two linear systems (Lax pair) with a spectral parameter ζ :
Ψxx =
(
ζ 2ρ2 + ζm + 1
4
)
Ψ,
Ψt =
(
1
2ζ
− u
)
Ψx + 1
2
uxΨ.
It is bi-Hamiltonian [17,33], the ﬁrst Poisson bracket
{F1, F2} = −
∫ [
δF1
δm
(m∂ + ∂m) δF2
δm
+ δF1
δm
ρ∂
δF2
δρ
+ δF1
δρ
∂ρ
δF2
δm
]
dx
corresponding to the Hamiltonian
H = 1
2
∫ (
um + ρ2)dx
and the second Poisson bracket
{F1, F2} = −
∫ [
δF1
δm
(
∂ − ∂3)δF2
δm
+ δF1
δρ
∂
δF2
δρ
]
dx
corresponding to the Hamiltonian
H = 1
2
∫ (
uρ2 + u3 + uu2x
)
dx.
There are two Casimirs [17,33]:
∫
ρ dx and
∫
mdx.
Notice that in the hydrodynamical derivation of Eq. (1.1) [17] it is required that u(t, x) → 0 and
ρ(t, x) → 1 as |x| → ∞, at any instant t . Then, letting ρ¯ = ρ − 1, we have ρ¯ → 0 as |x| → ∞. With
m = u − uxx and ρ¯ = ρ − 1, we can rewrite Eq. (1.1) with σ = 1 as follows:
⎧⎪⎪⎨
⎪⎪⎩
ut − utxx + 3uux = 2uxuxx + uuxxx − ρ¯ρ¯x − ρ¯x, t > 0, x ∈R,
ρ¯t + (uρ¯)x + ux = 0, t > 0, x ∈R,
u(0, x) = u0(x), x ∈R,
ρ¯(0, x) = ρ¯0(x), x ∈R.
(2.1)
Note that if p(x) := 12 e−|x| , x ∈ R, then (1 − ∂2x )−1 f = p ∗ f for all f ∈ L2 and p ∗m = u. Using this
identity, Eq. (2.1) takes the form of a quasi-linear evolution equation of hyperbolic type:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ut + uux = −∂xp ∗
(
u2 + 1
2
u2x +
1
2
ρ¯2 + ρ¯
)
, t > 0, x ∈R,
ρ¯t + uρ¯x = −uxρ¯ − ux, t > 0, x ∈R,
u(0, x) = u0(x), x ∈R,
ρ¯(0, x) = ρ¯0(x), x ∈R,
(2.2)
or the equivalent form:
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⎪⎪⎪⎪⎩
ut + uux = −∂x
(
1− ∂2x
)−1(
u2 + 1
2
u2x +
1
2
ρ¯2 + ρ¯
)
, t > 0, x ∈R,
ρ¯t + uρ¯x = −uxρ¯ − ux, t > 0, x ∈R,
u(0, x) = u0(x), x ∈R,
ρ¯(0, x) = ρ¯0(x), x ∈R.
(2.3)
Following the similar proofs in [17,27], we can obtain the following results:
Lemma 2.1. Given z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  2, there exist a maximal T = T (‖z0‖Hs×Hs−1 ) > 0, and a
unique solution z = (u, ρ¯) to Eq. (2.1) such that
z = z(·, z0) ∈ C
([0, T ); Hs × Hs−1)∩ C1([0, T ); Hs−1 × Hs−2).
Moreover, the solution depends continuously on the initial data, i.e. the mapping
z0 → z(·, z0) : Hs × Hs−1 → C
([0, T ); Hs × Hs−1)∩ C1([0, T ); Hs−1 × Hs−2)
is continuous.
Lemma 2.2. Let z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  52 , and let T be the maximal existence time of the solution
z =
(
u
ρ¯
)
to Eq. (2.1) with the initial z0 . Then the corresponding solution blows up in ﬁnite time if and only if
lim
t→T infx∈R
{
ux(t, x)
}= −∞ or limsup
t→T
{∥∥ρ¯x(t, ·)∥∥L∞}= +∞.
Lemma 2.3. Let z0 =
(
u0
ρ¯0
)
∈ H2 × H1, and let T be the maximal existence time of the solution z =
(
u
ρ¯
)
to
Eq. (1.5) with the initial z0 . Then the corresponding solution blows up in ﬁnite time if and only if
lim
t→T infx∈R
{
ux(t, x)
}= −∞.
Consider now the following initial value problem
{
qt = u(t,q), t ∈ [0, T ),
q(0, x) = x, x ∈R, (2.4)
where u denotes the ﬁrst component of the solution z to Eq. (1.1). Applying classical results in the
theory of ordinary differential equations, one can obtain two results on q which are crucial in studying
global existence and blow-up phenomena.
Lemma 2.4. (See [17,27].) Let u ∈ C([0, T ); Hs)∩C1([0, T ); Hs−1), s 2. Then Eq. (2.1) has a unique solution
q ∈ C1([0, T ) ×R;R). Moreover, the map q(t, ·) is an increasing diffeomorphism of R with
qx(t, x) = exp
( t∫
0
ux
(
s,q(s, x)
)
ds
)
> 0, ∀(t, x) ∈ [0, T ) ×R.
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solution z = (u, ρ¯) to Eq. (2.1). Then we have
(
ρ¯
(
t,q(t, x)
)+ 1)qx(t, x) = (ρ¯0(x) + 1), ∀(t, x) ∈ [0, T ) ×R. (2.5)
Proof. Differentiating the left-hand side of Eq. (2.5) with respect to t , in view of the relations (2.4)
and Eq. (2.1), we obtain
d
dt
(
ρ¯
(
t,q(t, x)
)+ 1)qx(t, x)
= (ρ¯t(t,q(t, x))+ ρ¯x(t,q(t, x))qt(t, x))qx(t, x) + (ρ¯(t,q(t, x))+ 1)qxt(t, x)
= (ρ¯t(t,q(t, x))+ ρ¯x(t,q(t, x))u(t,q) + ρ¯(t,q)ux(t,q) + ux(t,q))qx(t, x)
= 0.
This completes the proof of the lemma. 
3. Global existence
In this section, we ﬁrst derive a conservation law and an a priori estimate for strong solutions to
Eq. (2.1). Using this conservation law and a priori estimate, we then establish a new global existence
result.
Lemma 3.1. Let z0 ∈ Hs × Hs−1 , s  2, and let T > 0 be the maximal existence time of the corresponding
solution z = (u, ρ¯) to Eq. (2.1). Then we have
E(t) =
∫
R
(
u2 + u2x + ρ¯2
)
dx =
∫
R
(
u20 + u20,x + ρ¯20
)
dx, ∀t ∈ [0, T ).
Moreover, we have
∥∥u(t, ·)∥∥2L∞  12
(‖u0‖2H1 + ‖ρ¯0‖2L2), ∀t ∈ [0, T ).
Proof. Applying Lemma 2.1 and a simple density argument, we only need to show that the above
theorem holds true for some s 2. Here we assume s = 3 to prove the above theorem. Differentiating
the ﬁrst equation in (2.2) with respect to x and using the identity ∂2x p ∗ f = p ∗ f − f , we have
utx + uuxx + 1
2
u2x = u2 +
1
2
ρ¯2 + ρ¯ − p ∗
(
u2 + 1
2
u2x +
1
2
ρ¯2 + ρ¯
)
. (3.1)
Let us write f = u2 + 12u2x + 12 ρ¯2 + ρ¯ . Using Eqs. (2.2) and (3.1), we get
d
dt
E(t) = 2
∫
R
(uut + uxuxt + ρ¯ρ¯t)dx
= 2
∫ [
u(−uux − ∂xp ∗ f ) − ρ¯(uρ¯)x − ρ¯ux
R
2008 C. Guan, Z. Yin / J. Differential Equations 248 (2010) 2003–2014+ ux
(
−uuxx − 1
2
u2x + u2 +
1
2
ρ¯2 + ρ¯ − p ∗ f
)]
dx
= 2
∫
R
(
−u∂xp ∗ f − 1
2
uxρ¯
2 − uρ¯ρ¯x − uuxuxx − 1
2
u3x − uxp ∗ f
)
dx
= −
∫
R
(
uxρ¯
2 + 2uρ¯ρ¯x + 2uuxuxx + u3x
)
dx
= 0.
This implies E(t) = E(0) for all t ∈ [0, T ).
Using this conservation law, we obtain
∥∥u(t, ·)∥∥2L∞  12‖u‖2H1  12
(‖u‖2H1 + ‖ρ¯‖2L2)
= 1
2
(‖u0‖2H1 + ‖ρ¯0‖2L2), ∀t ∈ [0, T ).
This completes the proof of the lemma. 
Lemma 3.2. Let z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  2, and let T be the maximal existence time of the solution
z =
(
u
ρ¯
)
to Eq. (2.1) with the initial z0 . If ρ¯0(x) = −1 for all x ∈R, then there exists β > 0 such that
lim
t→T infx∈Rux(t, x)−
1
2β
(
3+ ‖z0‖2Hs×Hs−1
)
e
3
2 (‖u0‖2H1+‖ρ¯0‖
2
L2
+1)T
.
Proof. By Lemma 2.4, we know that q(t, ·) is an increasing diffeomorphism of R with
qx(t, x) = exp
( t∫
0
ux
(
s,q(s, x)
)
ds
)
> 0, ∀(t, x) ∈ [0, T ) ×R.
Then we have
inf
x∈Rux
(
t,q(t, x)
)= inf
x∈Rux(t, x), ∀t ∈ [0, T ). (3.2)
Set M(t, x) = ux(t,q(t, x)) and γ (t, x) = ρ¯(t,q(t, x)) + 1. By Eqs. (2.1) and (2.4), we have
∂M
∂t
= (utx + uuxx)
(
t,q(t, x)
)
and
∂γ
∂t
= −γM. (3.3)
Then by Eq. (3.1) and the relation 12 = p ∗ 12 , we get
Mt = −1
2
M2 + u2 + 1
2
γ 2 − p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
(t,q). (3.4)
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|p ∗ ρ¯| 1
2
(‖p‖2L2 + ‖ρ¯‖2L2) 12
(
1+ ‖u0‖2H1 + ‖ρ¯0‖2L2
)
. (3.5)
By Lemma 3.1 and (3.5), we obtain
0 p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
 ‖p‖L∞
∥∥∥∥u2 + 12u2x + 12 ρ¯2
∥∥∥∥
L1
+ |p ∗ ρ¯| + 1
2
 1
2
∥∥u2 + u2x + ρ¯2∥∥L1 + 12
(
2+ ‖u0‖2H1 + ‖ρ¯0‖2L2
)
= ‖u0‖2H1 + ‖ρ¯0‖2L2 + 1.
If we write f (t, x) = u2(t,q) − p ∗ (u2 + 12u2x + 12 ρ¯2 + ρ¯ + 12 )(t,q), then
∣∣ f (t, x)∣∣ 3
2
(‖u0‖2H1 + ‖ρ¯0‖2L2)+ 1, ∀(t, x) ∈ [0, T ) ×R, (3.6)
and
Mt = −1
2
M2 + 1
2
γ 2 + f (t, x), (t, x) ∈ [0, T ) ×R. (3.7)
By Lemmas 2.4–2.5, we know that γ (t, x) has the same sign with γ (0, x) = ρ0(x) for every x ∈R.
In view of Sobolev imbedding theorem, by ρ¯0(x) ∈ Hs−1, s 2, we have ρ¯0(x) ∈ C(R) and there exists
R0 such that |ρ¯0(x)| 12 for all |x| R0. Since ρ¯0(x) ∈ C(R) and ρ¯0(x) = −1 for all x ∈ R, it follows
that
inf|x|R0
∣∣γ (0, x)∣∣= inf|x|R0
∣∣ρ¯0(x) + 1∣∣> 0.
Set β =min { 12 , inf|x|R0 |γ (0, x)|}. Then |γ (0, x)| β > 0 for all x ∈R. Thus
γ (t, x)γ (0, x) > 0, ∀x ∈R.
Next, we consider the following Lyapunov function ﬁrst introduced in [17],
w(t, x) = γ (0, x)γ (t, x) + γ (0, x)
γ (t, x)
[
1+ M2(t, x)], (t, x) ∈ [0, T ) ×R. (3.8)
By Sobolev imbedding theorem, we have
0< w(0, x) = γ 2(0, x) + 1+ M2(0, x)
 2ρ¯20 (x) + 3+ u20,x(x) 3+ ‖z0‖2Hs×Hs−1 . (3.9)
Differentiating (3.8) with respect to t and using (3.3) and (3.6)–(3.7), we obtain
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∂t
(t, x) = 2γ (0, x)
γ (t, x)
M(t, x)
(
f (t, x) + 1
2
)
 3
2
(‖u0‖2H1 + ‖ρ0‖2L2 + 1)γ (0, x)γ (t, x)
(
1+ M2)
 3
2
(‖u0‖2H1 + ‖ρ0‖2L2 + 1)w(t, x).
By Gronwall’s inequality, the above inequality and (3.9), we have
w(t, x) w(0, x)e
3
2 (‖u0‖2H1+‖ρ0‖
2
L2
+1)t

(
3+ ‖z0‖2Hs×Hs−1
)
e
3
2 (‖u0‖2H1+‖ρ¯0‖
2
L2
+1)T (3.10)
for all (t, x) ∈ [0, T ) ×R. On the other hand,
w(t, x) 2
√
γ 2(0, x)
(
1+ M2) 2β∣∣M(t, x)∣∣, ∀(t, x) ∈ [0, T ) ×R.
Thus
M(t, x)− 1
2β
w(t, x)
− 1
2β
(
3+ ‖z0‖2Hs×Hs−1
)
e
3
2 (‖u0‖2H1+‖ρ¯0‖
2
L2
+ 12 )T
for all (t, x) ∈ [0, T ) ×R. Then by (3.2) and the above inequality, we have
lim
t→T infx∈Rux(t, x) = limt→T infx∈Rux
(
t,q(t, x)
)
− 1
2β
(
3+ ‖z0‖2Hs×Hs−1
)
e
3
2 (‖u0‖2H1+‖ρ¯0‖
2
L2
+ 12 )T .
This completes the proof of the lemma. 
By Lemmas 2.2–2.3 and Lemma 3.2, we now have the following two theorems immediately.
Theorem 3.1. Let z0 =
(
u0
ρ¯0
)
∈ H2 × H1. If ρ¯0(x) = −1 for all x ∈ R, then the corresponding strong solution
z =
(
u
ρ¯
)
to Eq. (2.1) exists globally in time.
Theorem 3.2. Let z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  52 . If ρ¯0(x) = −1 for all x ∈ R, and let T be the maximal
existence time of the solution z =
(
u
ρ¯
)
to Eq. (2.1) with the initial z0 , then the corresponding solution blows
up in ﬁnite time if and only if
limsup
t→T
{∥∥ρ¯x(t, ·)∥∥L∞}= +∞.
Remark 3.1. Note that Theorem 3.1 improves considerably the recent global existence result in [17],
where the additional assumption ‖u0‖H2 + ‖ρ¯0‖L2  α for some α ∈ (0,1) is needed.
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In this section, we present two suﬃcient conditions on the initial data that ensure strong solutions
to Eq. (1.2) blow up in ﬁnite time.
Lemma 3.2 shows that if ρ¯0(x) = −1 for all x ∈R, then ux cannot tend to negative inﬁnity in ﬁnite
time. But what will happen if there exists some x0 ∈ R such that ρ¯0(x0) = −1? Next, we will prove
that ux maybe tends to negative inﬁnity in ﬁnite time under some certain conditions.
Theorem 4.1. Let z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  2, and T be the maximal time of the solution z =
(
u
ρ¯
)
to
Eq. (2.1) with the initial data z0 . Assume that there exists x0 ∈R such that ρ¯0(x0) = −1 and
u′0(x0) < −
√
2
2
(‖u0‖2H1 + ‖ρ¯0‖2L2) 12 .
Then T is ﬁnite and the slope of u tends to negative inﬁnity as t goes to T while u is uniformly bounded on
[0, T ).
Proof. Let z =
(
u
ρ¯
)
be the solution to Eq. (2.1) with the initial data z0 and let T be the maximal
existence time of the solution. Deﬁne m(t) = ux(t,q(t, x0)) and γ (t) = ρ¯(t,q(t, x0)) + 1. By Eqs. (2.1)
and (2.4), we can obtain
dm
dt
= (utx + uuxx)
(
t,q(t, x0)
)
and
dγ
dt
= −γm.
Then by Eq. (3.1) and the relation 12 = p ∗ 12 , we have
mt = −1
2
m2 + u2 + 1
2
γ 2 − p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
(t,q). (4.1)
Since γ (0) = ρ¯0(x0) + 1 = 0, we infer from Lemma 2.5 that γ (t) = 0 for all t ∈ [0, T ). Then we have
mt = −1
2
m2 + u2 + 1
2
γ 2 − p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)(
t,q(t, x0)
)
−1
2
m2 + 1
2
u2.
Here we use the relation p ∗ (u2 + 12u2x) 12u2, see p. 347, (5.8) in [7] and p ∗ ( 12 (ρ¯ + 1)2) 0. By the
above inequality and Lemma 3.1, we get
m′(t)−1
2
m2(t) + K 2,
where K := 12 (‖u0‖2H1 + ‖ρ¯0‖2L2 )
1
2 . Note that if m(0) < −√2K , then m(t) < −√2K for all t ∈ [0, T ).
From the above inequality we obtain
m(0) + √2K
m(0) − √2K e
√
2Kt − 1 2
√
2K
m(t) − √2K  0.
Due to 0 < m(0)+
√
2K
m(0)−√2K < 1, there exists 0 < T <
1√
2K
ln(m(0)+
√
2K
m(0)−√2K ), such that limt↑T m(t) = −∞. This
completes the proof of the theorem. 
2012 C. Guan, Z. Yin / J. Differential Equations 248 (2010) 2003–2014Remark 4.1. Theorem 4.1 generalizes the recent blow-up result in [17]. Moreover, Theorem 4.1 also
shows that the obtained global existence result in Theorem 3.1 is sharp.
Next, we give two blow-up results if u0 is odd and ρ¯0 is even.
Theorem 4.2. Let z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  52 , and T be the maximal time of the solution z =
(
u
ρ¯
)
to
Eq. (2.1) with the initial data z0 . If u0 is odd, ρ¯0 is even, ρ¯0(0) = −1, u′0(0) < 0, then T is bounded above by−2/u′0(0) and ux(t,0) tends to negative inﬁnity as t goes to T .
Proof. Let z =
(
u
ρ¯
)
to Eq. (2.1) with the initial data z0 ∈ Hs × Hs−1, s 52 , and let T be the maximal
existence time of the solution u, which is guaranteed by Lemma 2.1.
Note that ∂2x p ∗ f = p ∗ f − f . Differentiating Eq. (2.1) with respect to x, we have
utx + uuxx + 1
2
u2x = u2 +
1
2
ρ¯2 + ρ¯ − p ∗
(
u2 + 1
2
u2x +
1
2
ρ¯2 + ρ¯
)
. (4.2)
Note that Eq. (2.1) is invariant under the transformation (u, x) → (−u,−x) and (ρ¯, x) → (ρ¯,−x).
Thus, we deduce that if u0(x) is odd and ρ¯0(x) is even, then u(t, x) is odd and ρ¯(t, x) is even for any
t ∈ [0, T ). By continuity with respect to x of u and uxx , we have
u(t,0) = uxx(t,0) = 0, ∀t ∈ [0, T ). (4.3)
Set γ (t, x) = ρ¯(t,q(t, x)) + 1. By Eqs. (2.1) and (2.4), we can obtain
∂γ
∂t
= −γ ux
(
t,q(t, x)
)
.
Since ρ¯0(0) = −1, it follows that γ (0) = ρ¯0(0)+ 1 = 0. This deduces from Lemma 2.5 that γ (t,0) = 0
for all t ∈ [0, T ). From Eq. (2.4) and u being odd with respect to x, we infer that q(t, x) is odd with
respect to x. Then we have q(t,0) = 0 for all t ∈ [0, T ). Thus ρ¯(t,0) = ρ¯(t,q(t,0)) = γ (t,0) − 1 = −1
for all t ∈ [0, T ). Hence, in view of (4.2) and (4.3), we obtain
utx(t,0) = −1
2
u2x(t,0) − p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
(t,0). (4.4)
By p ∗ (u2 + 12u2x + 12 (ρ¯ + 1)2) 0 and (4.4), we get
utx(t,0)−1
2
u2x(t,0), t ∈ [0, t).
Set h(t) = ux(t,0). Since h(0) < 0, in view of u′0(0) < 0, it follows that
0>
1
h(t)
 1
h(0)
+ 1
2
t. (4.5)
The above inequality implies that T < − 2h(0) and ux(t,0) tends to negative inﬁnity as t goes to T . This
completes the proof of the theorem. 
Theorem 4.3. Let z0 =
(
u0
ρ¯0
)
∈ Hs × Hs−1 , s  52 , and T be the maximal time of the solution z =
(
u
ρ¯
)
to
Eq. (2.1) with the initial data z0 . If u0 is odd, ρ¯0 is even, ρ¯0(0) = −1 and u′0(0) = 0, then T is ﬁnite.
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(
u
ρ¯
)
to Eq. (2.1) with the initial data z0 ∈ Hs × Hs−1, s 52 , and let T be the maximal
existence time of the solution u, which is guaranteed by Lemma 2.1.
Following the similar proof in Theorem 4.3, we have
utx(t,0) = −1
2
u2x(t,0) − p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
(t,0). (4.6)
Assume there is some t0 ∈ (0, T ) such that
0 = p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
(t0,0)
= 1
2
+∞∫
−∞
e−|x|
(
u2(t0, x) + 1
2
u2x(t0, x) +
1
2
(ρ¯ + 1)2
)
dx,
then we have u(t0, x) ≡ ux(t0, x) ≡ ρ¯(t0, x) + 1 ≡ 0. Thus ρ¯(t0, x) = −1 for all x ∈ R. This contradicts
with ρ¯(t, ·) ∈ Hs−1 for all t ∈ [0, T ). Therefore, from (4.6) we obtain that dhdt (t) < 0, i.e. h(t) is strictly
decreasing on [0, T ). Since h(0) = 0, it follows that h(t0) < 0 for some t0 ∈ (0, T ). Solving the following
inequality
dh(t)
dt
= −1
2
h2(t) − p ∗
(
u2 + 1
2
u2x +
1
2
(ρ¯ + 1)2
)
(t,0) < −1
2
h2(t),
we obtain
0>
1
h(t)
 1
h(t0)
+ 1
2
(t − t0), t ∈ [t0, T ).
Consequently, we get T < t0 − 2/h(t0). This completes the proof of the theorem. 
Remark 4.2. From Theorems 4.2–4.3, we see that if u0 is odd, ρ¯0 is even, ρ¯0(0) = −1, and u′0(0) 0,
then the corresponding solution to Eq. (2.1) blows up in ﬁnite time.
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